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The Cartesian product of a closed, orientable prime geometric 3-manifold and a closed
orientable surface is unique except for the case of the Cartesian product of a special class
of Seifert manifolds and a torus. The same type of uniqueness holds for stabilization of
3-manifolds by an n-dimensional torus. Cartesian squares of Seifert ﬁbered 3-manifolds are
completely classiﬁed.
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In 1945, K. Borsuk [1] showed that any closed, n-dimensional manifold has at most one decomposition into the Cartesian
product of factors of dimension  2. In contrast, there exist certain non-homeomorphic 3-dimensional Seifert manifolds M
and N such that M × S1 is homeomorphic with N × S1 (cf. [4,7]). On the other hand, it was observed in [7] that if M and
N are closed, oriented prime geometric 3-manifolds and their Cartesian products M × S2 and N × S2 are homeomorphic,
then M must be homeomorphic with N . This observation leads to the question about uniqueness of Cartesian product
decomposition of geometric 3-manifolds and surfaces. Clearly the already mentioned non-uniqueness of the decomposition
product of certain Seifert manifolds and S1 leads to the corresponding non-uniqueness of products of these manifolds with
the torus T = S1 × S1. In this paper we show that this is the only possible non-uniqueness.
To avoid the completely trivial case of possible non-uniqueness of a Cartesian product of 3-manifolds and a surface, we
assume that our 3-manifolds do not have decomposition into Cartesian product of a surface and S1. For if M3 = M2 × S1
and X is a surface different from M2, then (M2 × S1) × X is homeomorphic to M2 × (S1 × X). With this convention our
main result is the following:
Theorem 1. Let M3 and N3 be closed, connected, geometric prime and orientable 3-manifolds without decomposition into Cartesian
product. Let X, Y be closed, connected orientable surfaces. If M3 × X and N3 × Y are homeomorphic (i.e. M3 × X ≈ N3 × Y ), then
M3 ≈ N3 and X ≈ Y unless M3 and N3 are Seifert ﬁbered 3-manifolds which are surface bundles over S1 with periodic monodromy
of the surface of genus > 1, and X ≈ Y ≈ T 2 = S1 × S1 .
Our proof of Theorem 1 consists of two parts. In the ﬁrst one we show the uniqueness of the corresponding decomposi-
tion for all 3-manifolds except the already mentioned class of Seifert ﬁbered 3-manifolds and X ≈ Y ≈ T 2. The second part
of the proof of Theorem 1 is included in the following result, where Tn is the n-dimensional torus.
Theorem 2. Let M3 and N3 be closed, oriented geometric 3-manifolds. Then M3 × Tn ≈ N3 × Tn is equivalent to M3 ≈ N3 unless M3
and N3 are Seifert ﬁbered 3-manifolds which are surface bundles over S1 with periodic monodromy of the surface of genus > 1.
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was considered. The result about 3-dimensional lens space in [9] is now extended to all (geometric) irreducible 3-manifolds.
Theorems 1 and 2 point out a special role of certain Seifert ﬁbered 3-manifolds among all geometric 3-manifolds. Our next
result complements one of the main results in [10] where the following was established:
Let L(p,q), L(p,q′) be lens spaces with the same fundamental group Zp . Then
L(p,q) × L(p,q) ≈ L(p,q′) × L(p,q′).
Lens spaces are Seifert ﬁbered 3-manifolds and we show that emong the class of Seifert ﬁbered 3-manifolds this is only
possible non-uniqueness of the Cartesian square decomposition, namely:
Theorem 3. Let M3,N3 be connected, oriented Seifert ﬁbered 3-manifolds. If M3 × M3 ≈ N3 × N3 then M3 ≈ N3 unless M3 and N3
are lens spaces with isomorphic fundamental groups.
In this paper we adopt the following convention.
All 3-dimensional manifolds considered in this paper are prime and geometric in the sense of Thurston (cf. [16]).
The well-known conjecture of Thurston asserts that all 3-manifolds are geometric. A proof of this conjecture was announced
by G. Perelman (cf. [12–14]).
The geometricity of 3-manifolds can be expressed in more topological terms. It turns out (cf. [10]) that all geometric
3-manifolds are contained in the following (not necessarily disjoint) three classes:
1. Seifert ﬁbered manifolds,
2. hyperbolic manifolds,
3. Haken manifolds.
The essential fact about these manifolds is that with an exception of lens spaces they are determined by their funda-
mental groups.
Proof of Theorem 1. If X = Y = S2, then the decomposition is unique, cf. [7].
Now we consider the case of ﬁnite π1(M3). The homeomorphism h : M3 × X → N3 × Y induces an isomorphism
h∗ : π1(M3)×π1(X) → π1(N3)×π1(Y ). Since π1(X) and π1(Y ) are torsion free, then π1(M3) ∼= π1(N3) and π1(X) ∼= π1(Y );
in particular, X ≈ Y . If π1(M3) is not abelian, then M3 ≈ N3 because M3 and N3 are determined by their fundamental
groups, cf. [8, p. 737]. If π1(M3) is abelian, then π1(N3) is also abelian and we have two lens spaces. The homeomorphism
h : M3 × X → N3 × Y lifts to a homeomorphism h˜ : M3 ×R2 → N3 ×R2. This implies M3 ≈ N3 by Theorem 1.4 in [9].
Now we consider the case when π1(M3) is inﬁnite. In the case when X ≈ S2 it is easy to see that Y ≈ S2 and hence
π1(M3) ∼= π1(N3). This implies M3 ≈ N3 because being aspherical the manifolds M3 and N3 are determined by their fun-
damental groups (cf. [8, p. 738]).
Let us assume now that X ≈ T 2 ≈ S1 × S1. Then it follows that the surface Y must be the torus as well (cf. [7], proof
of Case 2 (general comments)). If the center of π1(M3) is trivial then the homeomorphism h : M3 × X → N3 × Y lifts
to h˜ : M3 × R2 → N3 × R2 which gives π1(M3) ∼= π1(N3) and consequently M3 ≈ N3. Now the manifold M3 with an
inﬁnite fundamental group is Seifert ﬁbered if and only if its fundamental group has a normal inﬁnite cyclic subgroup
(cf. [3,5]). So, if the center of π1(M3) is non-trivial then M3 (and hence N3) is a Seifert ﬁbered manifold and the argument
is complemented by the result in Theorem 2.
As a consequence we are left with the case when X (and hence Y ) is a surface with genus of at least two. Here
π1(X) and π1(Y ) are non-abelian and centralizers of each non-trivial element of these groups is an inﬁnite cyclic subgroup
(cf. [17]).
Let β ∈ π1(X) be a ﬁxed non-trivial element and let α ∈ π1(M3) be an arbitrary element. The homeomorphism
h : M3× X → N3×Y induces an isomorphism h∗ : π1(M3× X) → π1(N3×Y ) with h∗(α,1) = (α′,α′′) and h∗(1, β) = (β ′, β ′′).
Denote by Z(β ′′) the centralizer of β ′′ and let γ be its generator, i.e., 〈γ 〉 ∼= Z(β ′′). Since (α,1)(1, β) = (1, β)(α,1), then
(α′,α′′)(β ′, β ′′) = (β ′, β ′′)(α′,α′′). In particular α′β ′ = β ′α′ and α′′β ′′ = β ′′α′′ , and hence α′′ ∈ Z(β ′′). Therefore there ex-
ist integers m,n such that α′′ = γ n and β ′′ = γm . Since π1(M3) is ﬁnitely generated, (let us say by α1,α2, . . . ,αk , with
h∗(αi,1) = (α′,α′′)), then α′′i = γ ni for some i = 1, . . . ,k. 
Claim. ni = 0 for i = 1, . . . ,k.
Proof. Suppose the contrary. Then all γ ni generate an inﬁnite cyclic subgroup of Z(β ′′), i.e. a subgroup generated by
γ n , with m = gcd(n1, . . . ,nk). In this case the isomorphism π1(M3) ∼= h∗(π1(M3),1) ≈ G × Z , where G ⊂ π1(N3) and
Z ⊂ π1(Y ), leads to contradiction (i.e. M3 has no non-trivial Cartesian product decomposition). This implies ni = 0
for all i = 1, . . . ,k. This, however, means that h∗(π1(M3),1) ⊂ π1(N3) × {1}. If this inclusion is proper, then we get
π1(X) ∼= π1(N3)/p1h∗(π1(M3),1) × π1(Y ). Here p1 : π1(N3) × π1(Y ) → π1(N3) is the natural projection. In particular,
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π1(X) ∼= π1(Y ) and consequently, M3 ≈ N3 and X ≈ Y . 
Proof of Theorem 2. Our proof of Theorem 2 is a modiﬁcation of the proof of Theorem 1 in [7]. For the convenience of the
reader we decided to include most of the details, to make the argument self-contained.
There are two cases.
Case 1. π1(M3) is ﬁnite.
Case 2. π1(M3) is inﬁnite.
Case 2 is split further into:
Case 2.A. M3 is a “large” Seifert manifold.
Case 2.B. M3 is a “small” Seifert manifold.
Proof of Case 1. The homeomorphism M3 × Tn ≈ N3 × Tn implies π1(N3) is ﬁnite. If π1(M3) is non-abelian, then so is
π1(N3) and both groups are isomorphic. Since 3-manifolds with ﬁnite non-abelian fundamental groups are classiﬁed by
these groups (cf. [8, p. 737]), then we are done.
If π1(M3) is abelian, then π1(N3) is abelian as well. The homeomorphism M3 × Tn ≈ N3 × Tn gives π1(M3) ∼= π1(N3),
and since M3 and N3 are lens spaces, we are done in this case as well by the main result of [9]. 
Proof of Case 2. Let us put G = π1(M3), H = π1(N3) and let h∗ : G × Zn → H × Zn be the induced isomorphism. By Z(G)
we denote the center of G . 
Claim. If Z(G) = {1}, then Z(H) = {1}.
Proof. The center of G × Zn consists of a copy of Zn (i.e., {1} × Zn in G × Zn).
Consider the image h∗({1} × Zn) of the center.
If h∗({1} × Zn) = {1} × Zn then we are done.
Suppose h∗({1} × (0, . . . , ti, . . . ,0)) = (pi,ρ1,i, . . . , ρn,i) where pi ∈ H and ti is a generator of the ith copy of Z in Zn ,
and at least pi = 1. Then the elements p1, . . . , pn will generate a subgroup Z j ⊂ H , where 1  j  n. Indeed, the group
generated by p1, . . . , pn is abelian because elements {1} × (0, . . . , ti, . . . ,0) generate an abelian group Zn .
The elements (pi,ρ1,i, . . . , ρn,i) generate a subgroup of Zn but since the isomorphic image of a center is a center and
{1} × Zn is combined in Z(H × Zn), therefore the group 〈(ρ1,i, . . . , ρn,i): i = 1, . . . ,n〉 is isomorphic to Zn . It follows that
the center Z(H × Zn) of H × Zn contains Z j × Zn . The inverse isomorphism h−1∗ sents the center of H × Zn to the center of
G × Zn . This implies that the center of G is non-trivial, which is a contradiction. This proves the claim. 
Now given the claim, in the absence of the center of G , the homeomorphism h : M3 × Tn → N3 × Tn lifts to a home-
omorphism h˜ : M3 × Rn → N3 × Rn . In particular the groups π1(M3) and π1(N3) are isomorphic. This in turn implies
the existence of a homeomorphism between M3 and N3 (cf. [8]). Consider now the case of non-trivial center of π1(M3).
Without loss of generality we can assume that M3 is irreducible (the only reducible case of S1 × S2 is fully understood).
Now M3 being closed, oriented, irreducible with inﬁnite π1(M3) and non-trivial center is Seifert ﬁbered by the algebraic
characterisation of Seifert manifolds (cf. [3,5]).
Proof of Case 2.A. We consider the case when M and N are “large” Seifert manifolds (cf. [11, pp. 91–92]). Let π = π1(M3),
π ′ = π1(N3). These groups are given by central extensions
0 → C i−→ π p−→ Γ → 0,
0 → C ′ i′−→ π ′ p′−→ Γ → 0
where C ∼= C ′ ∼= Z . The homomorphisms i, i′ are the natural inclusions and p, p′ the projections. Now the Hopf formula
(cf. [2, p. 41]) applied to these extensions leads to the following exact sequences in homology of groups (cf. [2, p. 47]):
H2(π) → H2(Γ ) β∗−→ H1(C) i∗−→ H1(π) p∗−→ H1(Γ ) → 0,
H2
(
π ′
) → H2
(
Γ ′
) β ′∗−→ H1
(
C ′
) i′∗−→ H1
(
π ′
) p′∗−→ H1
(
Γ ′
) → 0.
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represented by the generator h of C is of ﬁnite order in H1(π) (cf. [11, p. 122]) and [6, VI.31, p. 106]. This is then equivalent
to the condition imβ∗ = 0 in the exact homology sequence. Let f : M3 × Tn → N3 × Tn be a homeomorphism. The natural
extensions:
0 → C × Zn i×id−−→ π × Zn→Γ → 0,
0 → C ′ × Zn i′×id−−−→ π ′ × Zn→Γ ′ → 0
lead to the commutative diagram
H2(π × Zn)
f∗∼=
H2(Γ )
β¯∗
∼=
H1(C × Zn) (i×id)∗
∼=
H1(π × Zn) p¯∗
f∗∼=
H1(Γ )
∼=
0
H2(π ′ × Zn) H2(Γ ′) β¯
′∗ H1(C ′ × Zn) i
′∗×id H1(π ′ × Zn) p¯
′∗ H1(Γ ′) 0.
Since imβ∗ = 0 implies imβ ′ = 0. This shows that the isomorphism induced by f sends C onto C ′ and Zn onto Zn . As a
consequence, the homeomorphism f : M3 × Tn → N3 × Tn can be lifted to a homeomorphism f˜ : M3 ×Rn → N3 ×Rn . This
implies π ∼= π ′ and hence M3 ≈ N3. 
Proof of Case 2.B. We assume that M3 or N3 is a “small” Seifert manifold (cf. [11, pp. 91–92]). In the notation of [11] the
possibilities for these manifolds are classes (iii), (iv) or (ix) in [11, pp. 124–125]. 
Class (iii) consists of a single manifold X which is a torus bundle over S1 with periodic monodromy of period 2. Class
(ix) consist of manifolds which either have a fundamental group with trivial center or are homeomorphic to X . Class (iv)
consists of torus bundles over S1 where the class 〈h〉 has ﬁnite order in H1(π). Now argument given in [7] (without any
modiﬁcation) shows that M3 × Tn ≈ N3 × Tn implies M3 ≈ N3. 
Proof of Theorem 3. Suppose M3 × M3 ≈ N3 × N3. Let π = π1(M3) and π ′ = π1(N3). If π is ﬁnite then so is π ′ . It follows
then (cf. [15]) that π ∼= π ′ . If π is non-abelian then, analogously as in the proof of Theorem 2, we conclude that M3 ≈ N3.
If π is abelian then we are left with lens spaces and therefore are done by [10].
Assume that π is inﬁnite.
Case 1. M3 is “large” Seifert manifold.
It is not diﬃcult to see (compare an argument in the proof of Theorem 2) that N3 must be “large” as well.
We have two central extensions:
0 → C i−→ π p−→ Γ → 0,
0 → C ′ i′−→ π ′ p′−→ Γ → 0
where C ≈ C ′ ≈ Z .
These extensions are classiﬁed by elements
a ∈ H2(Γ ;C) and a′ ∈ H2(Γ ′ : C ′)
respectively.
To prove Theorem 3 we show a more general fact that the product π × π ′ uniquely determines π and π ′ . The product
π × π ′ is uniquely determined by the extension
0 → C × C ′ → π × π ′ → Γ × Γ ′ → 0
and an element b ∈ H2(Γ × Γ ′;C × C ′).
It is a well-known fact that the product Γ × Γ ′ of two Fuchsian groups determines uniquely Γ and Γ ′ . We show that b
determines uniquely a and a′ .
Being the product extension the element b ∈ H2(Γ × Γ ′;C × C ′) is of a special form. First we know that b ∈
H2(Γ × Γ ′;C × C ′) in fact lies in the summand H2(Γ ;C × C ′) ⊕ H2(Γ ′;C × C ′).
It remains to identify the splitting of Z × Z as a product of two Z ’s in the right way. There will be a unique such
splitting, so that the component of b in H2(Γ ; Z × Z ′) = H2(Γ ; Z) ⊕ H2(Γ ; Z) lies in the ﬁrst summand of this splitting
(i.e. in H2(Γ : C)) and the component of b in H2(Γ ′; Z × Z ′) = H2(Γ ′; Z) ⊕ H2(Γ ′; Z) lies in the second component of this
splitting (i.e. in H2(Γ ′ : C ′)).
This completes Case 1.
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in three classes. Classes (iii), (iv) and (ix). Class (iii) consists of one manifold M3 which is a torus bundle over S1 with
periodic monodromy of period 2. M3 is uniquely determined by H1(M3; Z), i.e. for a manifold Y in classes (iv) and (ix)
H1(M3; Z) = H1(N3; Z). A simple computation shows H1( ; Z) will distinguish different manifolds in class (ix). This means
that we have to show: if M3 and N3 are in class (ix) with M3 × M3 ≈ N3 × N3 then M3 ≈ N3.
Since the manifolds M3 and N3 can be also reprezented as S1-boundless over the Klein bottle K = RP2 # RP2, then we
have extensions:
0 → Z → π1
(
M3
) → Γ → 0,
0 → Z → π1
(
N3
) → Γ → 0
where Γ = π1(K ). 
Once again the argument used for the “large” Seifert manifolds can be repeated in the above case. One point however
should be noted. The cohomology groups H2(Γ ; Z), H2(Γ × Γ ; Z × Z) are with twisted coeﬃcients.
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